We prove that if X is a paracompact connected space and Z = s∈S Zs is a product of a family of equiconnected metrizable spaces endowed with the box topology, then for every Baire-one map g : X → Z there exists a separately continuous map f :
Introduction
Let X, Y be topological spaces and C(X, Y) = B (X, Y) be the collection of all continuous maps between X and Y. For n ≥ we say that a map f : X → Y belongs to the n-th Baire class if f is a pointwise limit of a sequence of maps f k : X → Y of the (n − )-th Baire class. By Bn(X, Y) we denote the collection of all maps of the n-th Baire class between X and Y.
For a map f : X × Y → Z and a point (x, y) ∈ X × Y we write f x (y) = fy(x) = f (x, y). By CBn(X × Y , Z) we denote the collection of all mappings f : X × Y → Z which are continuous with respect to the rst variable and belong to the n-th Baire class with respect to the second one. If n = , then we use the symbol CC(X × Y , Z) for the class of all separately continuous maps. Now let CC (X ×Y , Z) = CC(X ×Y , Z) and for n ≥ let CCn(X ×Y , Z) be the class of all maps f : X × Y → Z which are pointwise limits of a sequence of maps from CC n− (X × Y , Z).
Let f : X → Y be a map. Then the map g : X → Y de ned by g(x) = f (x, x) is called a diagonal of f . Investigations of diagonals of separately continuous functions f : X n → R were started in classical works of R. Baire [1] , H. Lebesgue [8, 9] and H. Hahn [5] who proved that diagonals of separately continuous functions of n real variables are exactly the functions of the (n − )-th Baire class. The study of separately continuous mappings with values in equiconnected spaces was started in [3] . A brief survey of further developments of these investigations can be found in [7] . At the same time much less is known about the possibility of extension of a B -function from the diagonal of X to a separately continuous function on the whole X when a range space is not metrizable. We know only one paper in this direction [7] where maps are considered with values in a space Z from a wide class of spaces which contains metrizable equiconnected spaces and strict inductive limits of sequences of closed locally convex metrizable subspaces.
Here we continue investigations in this direction and study maps with values in products of topological spaces endowed with the box topology. The main result of our paper is the following theorem. Theorem 1.1. Let X be a paracompact connected space, Z = s∈S Zs be a product of a family of equiconnected metrizable spaces endowed with the box topology and g : X → Z be a Baire-one map. Then there exists a separately continuous map f : X → Z with the diagonal g.
The case of countable box products
We consider a family (Xs) s∈S of topological spaces and put X S = s∈S Xs. For x ∈ X S and T ⊆ S we de ne x| T as the point from X T with coordinates (ys) s∈T such that ys = xs for all s ∈ T.
The product X S endowed with the box topology generated by the family of all boxes s∈S Gs, where (Gs) s∈S is a family of open subsets of Xs for every s ∈ S, is called the box product and is denoted by s∈S Xs.
For a xed point a = (as) s∈S ∈ X S we consider the set
If σ(a) is endowed with the box topology, then σ(a) is called the small box product of (Xs) s∈S and is denoted by s∈S Xs or simply by when no confusion will arise. Further, for all n ∈ ω we put The facts below follow easily from the de nition of the box topology and we omit their proof. For another properties of the box topology, see [11] .
1. X is path-connected, or 2. every Xs is functionally Hausdor , then there exists x * ∈ X such that X ⊆ σ(x * ).
Proof. We x points x = (xs) s∈S and y = (ys) s∈S from X and show that x di ers with y by nitely many coordinates. 1. Let φ : [ , ] → X be a continuous function such that φ( ) = x and φ( ) = y. Proposition 2.2 implies that for every t ∈ [ , ] there exists an open neighborhood U t of t such that φ(U t ) ⊆ σ(φ(t)). Let points t , . . . tn ∈ [ , ] be such that [ , ] ⊆ n i= U t i . Without loss of generality we may assume that the set {t , . . . tn} is minimal and t < t < · · · < tn. Take τ ∈ U t ∩ U t ,. . . , τ n− ∈ U tn− ∩ U tn and notice that σ(φ(τ )) = · · · = σ(φ(τn)). Therefore, φ([ , ]) ⊆ σ(φ(τ )). 2. Assume that the set {s ∈ S : xs ≠ ys} is in nite and show that there exists a clopen set U ⊆ s∈S Xs such that x ∈ U and y ∉ U. We take a countable subset 
Let X be a topological space and
Notice that any topological vector space is equiconnected, where a mapping λ is de ned by λ(x, y, t) = ( − t)x + ty. 
It is easy to see that the space ( s∈S Xs , λ) is equiconnected.
A covering (Xn : n ∈ ω) of a topological space X is said to be sequentially absorbing if for any convergent sequence (xn)n∈ω there exists k ∈ ω such that {xn : n ∈ ω} ⊆ X k . Let us observe that ( ≤n : n ∈ ω) is a sequentially absorbing covering of by Proposition 2.1(4). A topological space X is said to be strongly σ-metrizable if it has a sequentially absorbing covering (which is called a strati cation of X) by metrizable subspaces. A strati cation (Xn) ∞ n= of a space X is said to be perfect if for every n ∈ N there exists a continuous mapping πn : X → Xn with πn(x) = x for every x ∈ Xn. Notice that according to [2] every strongly σ-metrizable space X is super σ-metrizable, that is there exists a covering (Xn : n ∈ ω) of X by closed subspaces Xn such that every compact subset of X is contained in some Xn. A strati cation (Xn) ∞ n= of an equiconnected strongly σ-metrizable space X is compatible with λ if λ(Xn × Xn × [ , ]) ⊆ Xn for every n ∈ N. 
Hence, the strati cation (Zn) ∞ n= is perfect.
Theorem 6 from [7] implies the following result. Theorem 2.6. Let X be a topological space, S be a countable set, (Zs) s∈S be a sequence of metrizable equiconnected spaces, n ∈ N and g ∈ B n− (X, s∈S Zs). Then there are a map f ∈ CB n− (X × X, s∈S Zs) ∩ CC n− (X × X, s∈S Zs) and a separately continuous map h : X n → s∈S Zs, both with the diagonal g. 
The case of uncountable box products
for all x ∈ X, ≤ m < n − and α ∈ N m , where gα = g for the unique element α ∈ N . Fix α ∈ N n− . For every x ∈ X we apply Proposition 2.2 to the continuous map gα ∈ B (X, s∈S Zs) and take an open neighborhood U(α, x) of x and a nite set S(α, x) ⊆ S such that gα(z)| S\S(α,x) = a| S\S(α,x) for all z ∈ U(α, x). Since X is Lindelöf, we choose a countable set Aα ⊆ X such that X ⊆ Notice that gα(x)| S\S = a| S\S for all x ∈ X. Then
g(x)| S\S = a| S\S
for all x ∈ X according to (2) . It remains to apply Theorem 2.6 for S = S . Proof. Fix n ∈ ω and put F n,i = Fn∩C i for all i ∈ I. Notice that (F n,i : i ∈ I) is a discrete family of closed subsets of X. Therefore, there exists a discrete family (V n,i : i ∈ I) of open subsets of X such that F n,i ⊆ V n,i for all i ∈ I. Since X is normal, for every i ∈ I there exists a functionally open set U n,i ⊆ X such that F n,i ⊆ U n,i ⊆ V n,i . Proof. Let (hn)n∈ω be a sequence of continuous maps hn : X → s∈S Zs which converges to g pointwisely on X. For every s ∈ S we x a metric | · − · |s on the space Zs which generates its topology. For a nite set R ⊆ S and points z = (zs) s∈S , w = (ws) s∈S ∈ s∈S Zs we put
Moreover, for any r ∈ S we consider the projection πr : s∈S Zs → Zr, πr : (zs) s∈S → zr; and for any nite set R ⊆ S we de ne a function π R : s∈S Zs → s∈S Zs by π R : (zs) s∈S → (ws) s∈S , where ws = zs for s ∈ R and ws = as for s ∈ S \ R.
We show that there exists a partition (A k : k ∈ ω) of X by functional Fσ-sets A k such that ∀k ∈ ω ∃n k , m k ∈ ω ∀x ∈ A k : |{s ∈ S : (∃n ≥ n k ) (πs(hn(x)) ≠ as)}| = m k .
For every n ≤ k we de ne a continuous function φ m,n,k : X → [ , ] by the rule We put Xm,n = k≥n φ − m,n,k ( ) for all m, n ∈ ω and notice that the set Xm,n is functionally closed in X and x ∈ Xm,n if and only if |{s ∈ S : (∃i ≥ n) (πs(h i (x)) ≠ as)}| ≤ m.
Since the sequence (hn) ∞ n= converges to g on X pointwisely, X = m,n∈ω Xm,n by Proposition 2.1 (4) .
for every k ∈ ω. Then every set A k is functionally Fσ as a di erence of functionally closed sets and Since x ∈ A k , |R | = m k = |R|. On the other hand, x ∉ V k,R . Therefore, R ≠ R and there exists s ∈ R \ R. We choose n ≥ n k such that πs(hn(x )) ≠ as. Since hn is continuous, the set
For every r ∈ R we choose a function fr ∈ {hn : n ≥ n k } such that πr(fr(x )) ≠ ar. Since all functions fr are continuous, there exists a neighborhood U of x in X such that πr(fr(x)) ≠ ar for every r ∈ R and x ∈ U . Therefore,
Moreover, condition (3) implies that
Since every paracompact space is collectionwise normal, we apply Lemma 3.2 and nd for every n ≥ k a discrete family U k,n = (U k,n,R : |R| = m k ) of functionally open subsets U k,n,R ⊆ G k,n of X such that
for all R ⊆ S with |R| = m k . Let us observe that the family
is discrete in X for all n ∈ ω. Let φ k,n,R : X → [ , ] be a continuous function such that C k,n,R = φ − k,n,R ( ) and X \ U k,n,R = φ − k,n,R ( ), k, n ∈ ω and R ⊆ S with |R| = m k . Now for every n ∈ ω we de ne a continuous map gn : X → Z, gn(x) = λ(π R (hn(x)), a, φ k,n,R (x)), ≤ k ≤ n, |R| = m k , x ∈ U k,n,R a,
x ∈ X \ ( U∈Un U),
where the equiconnecting function λ on s∈S Zs is de ned in Proposition 2.5. Let us construct a sequence (Wn : n ∈ ω) of functionally open sets in X . For every n ∈ ω we consider the functionally closed set Cn = ≤k≤n, |R|=m k C k,n,R .
For every x ∈ Cn we choose k ≤ n and R ⊆ S with |R| = m k such that x ∈ C k,n,R . Since the map gn is continuous, we can take a functionally open neighborhood Wn(x) ⊆ U k,n,R of x such that |gn(x )−gn(x )| R ≤ n for any x , x ∈ Wn(x). For every x ∈ X \ Cn we put Wn(x) = X \ Cn. Since X is paracompact, there exists a locally nite re nement (Oγ,n : γ ∈ Γn) of (Wn( Now we check that the sequences (gn) and (Wn) have the desired properties. Fix x ∈ X and a sequence (xn)n∈ω of points xn ∈ X such that (xn , x) ∈ Wn for all n ∈ ω. Take k ∈ ω such that x ∈ A k . Let R ⊆ S be a nite set with |R| = m k and i ≥ max{k, n k } be a number such that x ∈ F k,i ∩ V k,R = C k,i,R . Notice that x ∈ C k,j,R for all j ≥ i. In particular, x ∈ C j .
Let n ≥ i. Since (xn , x) ∈ Wn, there are γ ∈ Γn and y ∈ X such that x, xn ∈ Oγ,n ⊆ Wn(y). Notice that y ∈ Cn, because x ∈ Cn. We choose k ≤ n and R ⊆ S such that |R | = m k and y ∈ C k ,n,R . Since x ∈ Wn(y) ⊆ U k ,n,R , x ∈ U k,n,R and Un is discrete, we have k = k and R = R. Hence, x, xn ∈ Wn(y) ⊆ U k,n,R and |gn(x) − gn(xn)| R ≤ n .
Since n ≥ n k , condition (3) implies that π R (hn(x)) = hn(x). Since x ∈ C k,n,R , φ k,n,R (x) = . It follows from the de nition of gn that gn(x) = π R (hn(x)) = hn(x). Moreover, since xn ∈ Wn(y) ⊆ U k,n,R , π R (gn(xn)) = gn(xn).
Let which completes the proof. Now we need the following general construction of separately continuous maps with the given diagonal from [10] . . Then the mapping f : X → Z de ned by
Gn is separately continuous. A topological space X is strongly countably dimensional if there exists a sequence (Xn) ∞ n= of sets Xn ⊆ X such that X = ∞ n= Xn and dim(Xn) < n for every n ∈ N, where by dim(Y) we denote the Čech-Lebesgue dimension of Y. Corollary 3.6. Let X be a connected strongly countably dimensional metrizable space, (Zs) s∈S be a family of metrizable equiconnected spaces and g : X → s∈S Zs. Then the following conditions are equivalent: 1) g ∈ B (X, Z); 2) there exists a separately continuous map f : X → Z with the diagonal g.
Proof. ( ) ⇒ ( ). Let X ≠ ∅ and (gn) ∞ n= be a sequence of continuous maps gn : X → s∈S Zs which converges to g pointwisely on X. According to Proposition 2.3, for every n ∈ N there exists an ∈ Z S such that gn(X) ⊆ σ(an). We x a point x ∈ X and put a = g(x ). Since lim n→∞ gn(x ) = g(x ), there exists n ∈ N such that gn(x ) ⊆ σ(a) for every n ≥ n . Thus, σ(an) = σ(a) for every n ≥ n . Therefore, g(X) ⊆ σ(a) and g ∈ B (X, s∈S Zs). It remains to use Theorem 3.5.
( ) ⇒ ( ). It easy to see that according to Proposition 2.3, for every separately continuous map f : X → s∈S Zs there exists a ∈ Z S such that f (X ) ⊆ σ(a). By Corollary 5.4 from [6] f is a Baire-one map and, therefore, so is g. Remark 3.7. In the proof of implication ( ) ⇒ ( ) we use only paracompactness and connectedness of X, which yields the proof of Theorem 1.1. Theorems 1.1 and 3.5 suggest the following two questions. Question 3.8. Let X be a paracompact space, (Zs) s∈S be a family of equiconnected metrizable spaces and g ∈ B (X, s∈S Zs). Is g the diagonal of some separately continuous map f : X → s∈S Zs? Question 3.9. Let X be a topological space, (Zs) s∈S be a family of equiconnected metrizable spaces, a ∈ s∈S Zs and g ∈ B (X, s∈S Zs). Is g the diagonal of some separately continuous map f : X → s∈S Zs?
